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Nous considérons les estimés des paramètres des modèles GARCH pour
les rendements financiers journaliers, qui sont obtenus à l'aide des données intra-
jour (haute fréquence) pour estimer la volatilité journalière. Deux bases
potentielles sont evaluées. La première est fondée sur l'aggrégation des estimés
quasi-vraisemblance-maximale, en profitant des résultats de Drost et Nijman
(1993). L'autre utilise la volatilité integrée de Andersen et Bollerslev (1998), et
obtient les coefficients d'un modèle estimé par LAD ou MCO; la première
méthode résiste mieux à la possibilité de non-existence des moments de l'erreur en
estimation de volatilité. En particulier, nous considérons l'estimation par
approximation ARCH, et nous obtenons les paramètres par une méthode liée à
celle de Galbraith et Zinde-Walsh (1997) pour les processus ARMA. Nous offrons
des résultats provenant des simulations sur la performance des méthodes en
échantillons finis, et nous décrivons les atouts relatifs à l'estimation standard de
quasi-VM basée uniquement sur les données journalières.
We consider estimates of the parameters of GARCH models of daily
financial returns, obtained using intra-day (high-frequency) returns data to
estimate the daily conditional volatility.Two potential bases for estimation are
considered. One uses aggregation of high-frequency Quasi- ML estimates, using
aggregation results of Drost and Nijman (1993). The other uses the integrated
volatility of Andersen and Bollerslev (1998), and obtains coefficients from a
model estimated by LAD or OLS, in the former case providing consistency and
asymptotic normality in some cases where moments of the volatility estimation
error may not exist. In particular, we consider estimation in this way of an ARCH
approximation, and obtain GARCH parameters by a method related to that of
Galbraith and Zinde-Walsh (1997) for ARMA processes. We offer some
simulation evidence on small-sample performance, and characterize the gains
relative to standard quasi-ML estimates based on daily data alone.
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JEL: C221. In t rod u c tio n
GAR CH mo del s are widely used for forecas ti n g and c h aracterizin g the condi t ion al
v olatili t yo fe c o n omi c and ( p articular ly) ￿nan cial tim e seri es .S ince the or igin al con tr ibu -
tions o fE n gle ( 1982 )a n dB o llers lev (1986), t he m od els ha v e bee n e s ti m ated b y Maxim u m
Lik elih o o d (or quas i-Maxim u m Lik eliho o d, ‘QM L’ ) metho ds on obser v ations at the fr e-
quency of i n teres t. I n th e cas eo fa s set r et u rn s, t h ef r eq u ency o fi n terest is often t h e daily
￿u ct ua t ion .
F inan cial d at a are o f ten r ecord e d at frequencies m uc h hig her t h an the d aily . Ev en
wher eo u ri n teres t lies in v olatilit y at the d aily fr e quen cy , t hes ed a t a con tain in fo rm a-
tion whic hm a yb eu sed t o imp ro v e our es ti m ate s of m o dels at t h e dai ly frequency . Of
cour se, follo wing Ander sen an d Bollers lev (1998), high er-fr eq u ency d at a m a y also b e us ed
to estim at e t h e dail yv olatilit yd irectly .
Th ep r esen t pap er cons iders t w o p oss ibl e strategies for e s ti mation of da ily GAR CH
mo d el s whic hu se inform ation ab out high er-fr eq u en cy ￿u ct u at io ns. Th e￿ r st uses the
kno wn aggr egation r elations (Drost a nd Nijm an, 199 3) linking t h e par ameters of GAR CH
mo d el so fh i g h-frequen cy a n d corr esp on ding lo w- fr eq u ency obser v ations . When s uc he s ti -
ma te s a r e bas e d on QM L estim at es for the h igh- fr eq u ency data, ho w ev er, rela ti v ely strin -
gen t condition sa re r eq u ired, whi c hm a y not b e m et in (for ex a mpl e) a s set-r e tur n data.
Th e second p ot en tial str at egy is t o use the ob serv ation of And er sen and Boll er slev
(1998) that the v olatilit yo fl o w- fr eq u ency ass et return sm a y b e estimated b yt h es u m
of squ ared high- frequency r e tur ns. Whil et h e resu lting es ti m ate ma y b e used dir ect ly to
c h aracterize the p ro ce s sa si n A n ders en an d Boller slev or A n ders en et al. (1 9 99) , i ti s
als o p oss ible to u se the s eq u en ce of lo w- (dai ly - )f r equency estimated v olatilities to ob ta in
estima t es of cond it i onal v olatilit ym o dels suc h as GAR CH m o dels, e xp licit l y allo wing f o r
estima t ion err or in the es ti m ate d dai ly v olatilit y . The res ulting mo dels ma yb ee s ti mated
b ya v ar iet yo f t e c hniqu e s (in cl udin gL S ); b yu sing the Le a st Abs olute Deviations (LA D)
estima to r ,i ti sp o s sib le to obtain cons isten ta n da s ym ptotically nor mal estima t es und er
quite genera l condi ti o ns (in par t icu lar, wit h out requir ing t h e e xis t ence of m omen ts of the
retur ns). W e are then abl e to obtain estim at es of GA R CH para mete r su s ing an estim at o r
rel at ed t o that of Galbr aith an d Zind e-W als h (1997) for ARMA m o dels.
In section 2 w e descr ib e the m od els and estimators to b e con sid er ed and giv es ome
rel ev an t de￿ni t ion sa nd notat io n. Sect i on 3 pro vides sev eral asym ptot ic resu lt s ,w h ile
section 4 pr es en ts si m u lation ev i dence o nt h e￿ n ite - s amp le p er fo rm ance of regr essi on
estima to r sr elat i v e t o that of stand ard G AR CH e s ti mates bas ed on the d aily obs er v ation s
alon e.
2. GAR CH m od el esti m ati on using h i gher-fre quency d at a
2.1 Pro cesses and n ot ation
W e b egin b y establ ishi ng notation for the p ro cesses of in te r est. Consi d e rad r ift les s
1di￿u sion pr oce s s f X
t


















g is a Bro wnian motion pr o cess an d ￿
2
s
is t h e ins ta n taneous cond it i onal v ar iance.
Thi si sas p e cial c a se of the s tr uct u re us ed b y ,e . g., Nelson (1992), Nelson and F oster (1994).
Th ep ro ce s si ss a m pled d iscretely at an in terv al of tim e ‘ (e . g., e ac h min ute) . W e
ar ei n te r ested in v olatilit ya t al o w er- frequency s amp ling, with sam plin gi n terv al h‘ (e . g.,
dai ly ), so that ther e are h hig h-fr e quen cy obser v ations p er lo w- frequency obs erv at io n.
De￿ne one u nit of tim ea s ap e r io d of length ‘ :
W e ind ex th e full set o f obs erv a t ion sb y ￿ and the l o w er -fr e quen cy obs er v ation sb y
t; so that t = fh; 2h ;: ::;h T g: The s ize of the samp le of l o w- fr eq u ency obs er v a t ion si s
therefor e T; an do f t h e full set of h igh- fr eq u ency obs erv at io ns is hT : F ollo wing A n ders en
and B o llers lev (1998), estima t e the condi ti o nal v ola t ili t ya t t as t h ee s ti m ate d condi t ion al























ind icat in gt h e discr et ely-s amp led obs er v a t ion s on the pr oce s s





















































for a pr o cess y
t
with cond it i onal m ean ￿
t













: Mo dels in t h e form ( 2. 1.1), ( 2. 1.2) are d irectly estimab le if,
as i nA n ders en and B ol lersl ev , w eh a v em easur emen ts of ￿
2
t
: W e retur nt ot h is p oin ti n
Section 2.3 b elo w.
F inal ly ,w e will r e fer b elo w to the de￿n it i ons of S tr ong, Sem i-str ong and W eak GAR CH
giv en in Dr ost an d N ijm an ( 19 93) . In stron g GAR CH , f"
t







IID (0 ; 1); s em i-s tr ong GAR CH h olds w here f"
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;w eak GA R CH holds where f"
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22.2 Estima t ion b y aggr egat i on
Dr ost a nd N i jm an (1993) s ho w ed t ha tt i me-ag gregated w eak GAR CH pr o cess es lead
to pr o ces ses of the s ame clas s, a nd g a v e determ inis ti c relations b et w een the c o e￿cien ts
(and the k u rtosis )o f t h eh i gh f r equency p ro cess and cor resp o ndin g tim e-aggr egat ed (lo w-
frequency) pro cess f o r the w eak GAR C H (1,1) case. As Dr ost and N i jm an n ot ed , suc h
rel at ion s c an in pr incip le b e us ed to ob ta i ne s ti m ate s of the p aram et er sa to ne frequency
from those at an ot h er . In this section w ee x a m ine the s tr at egy of lo w-frequen c y estim at i on
bas ed on pr ior h igh- frequency e s ti mates. Tim e aggregation r elations of cour se di ￿e r fo r
sto c k and ￿ o wv ari ables; her ew et r eat ￿o ws ,s uc ha sa s s et return s.




















j =t( h ￿1) +1
"
j
is t h e aggr egat ed ￿o wv aria ble, then it s v ol at il it y at the l o w
frequency foll o ws t h ew eak GAR CH (1,1) p ro cess
￿
2




















gi v en b yt h e cor resp on ding for m u lae ( 13- 15) for  ; ￿; ￿ in Dros t and N ijm an
(1993), a djusting for n ot ation . T oo b ta i nc o n sis te n t estim at i on b y QML of the high -
frequency mo del, it will b e necess ary that t h e pro cess is sem i-s tr ong GAR CH : t he s ta n dar d
Qu asi- ML e s ti mator of the G AR CH m od el will in gen er al b e incons isten ti nw ea k GAR CH
mo d el s (as noted b yM ed dah ia n dR en ault 19 96, 2000 and F ran cq a n d Za k o ￿ ￿ an 1 998; see
the latt er r efe r ence f o r an examp le and M- R 2000 for a M on t e Car lo ex am ple on s amp les
of 80 000 { 150 000 s im ulated lo wf r eq u ency obs erv at ion s).






















pr o vided b y the Dr ost-Nijman form u lae is a c on tin uous ly di ￿e r en tiab le m appin g; it i sa l so
ana ly tic o v er t h e regi on wh ere the para mete r s are d e￿ned.











) ; an ds imi -
lar ly that an asymp to t icall y Norm al estimator of t h eh igh- fr eq u ency p aram et er s resu lt s in
asym ptot ic N or ma lit y of the l o w- fr eq u ency par ameters .





















: Th en   (￿ )=￿:


















that is ,t h e regi on for wh ic ht h e GAR CH(1,1) pr oce s si sd e￿ned ( s ee, e . g., Bollers lev 1986).
Th eorem 1. F or an y estima to r ^ ￿ of ￿ suc h that (i ) ^ ￿
p
!￿ ; (ii) ^ ￿
a
￿ N (￿; V (￿ )) , the
estima to r
^









￿N (￿; V (
^
￿ )) ;











Pr o of. It f ol lo ws from (i) an d con seq u en tly al so fr om ( ii )t h at since ￿ 2 ￿;
P (^ ￿ 2 ￿) ! 1: Cons ider n o w the form u lae f or ￿ =   (￿ )o v e r ￿i nD r ost and N ijm an
(1993). F rom (15) of D- Nw ec a no b ta in ￿
1
from a solu t ion to a quadr atic equation of the
form Z
2
￿ c Z +1 = 0 ; where






















is suc ht h at 0 < ￿
1











obtained from (13) in D-N als ol i es be t w een 0 an d1 .













































































wher e c is giv en b y (2.2. 4) ; it is de￿n ed an d di￿eren tiable e v er ywhere i n￿ : .













; condi t ion al
heteros k edasticit yv an ishes f or su￿ cien t ly lar ge h: Ther e for e, for su bstan ti al condi t ion al




m us t b e close to unit y .
4S upp os en o w tha ta s ta n dar d quasi -Maxim um Lik elih oo d e s ti m ator is used wit h semi -
stro ng GAR CH high -frequen c y data to o btain e s ti mates o f ￿: Its a symptotic co v ar iance




















































































: The as ym ptot i cv ar iance of t h e estim at or
^
￿ bas ed on ￿ o w
































Exam ple 1. Let the h igh- frequency p ro cess b e AR CH (1); aggregation then lead st oa
w eak GAR CH (1,1) pr o ces s for t h el o w- fr equency data. H o w ev er, t h e asymp t otic co v ar iance
ma tr ix for t h e estimator
^
￿ is of r a n k2r ather t h an 3 , since t he mid dle p art in (2.2.5) o r
(2.2.6) is of d imens ion 2 ￿ 2: This indi c ates that there ar ec a ses wher e
^
￿ is clearly m ore




) bas e d on l o w- fr eq u ency da t a alon e, with co v ari ance m atrix
of r ank 3.
Wh ile estim at io n is feasib le b yt h is metho d, t h e requir emen t s of this str at egy ,e v en
for con sis te n te s ti m ation, ar e fairl ys ev er e. In pa rticular , t h e po te n tial in co nsis te n cy o f
QM L estim at i on when only w eak GA R CH cond itions ap ply means that w em ust assu me
sem i-s tr ong GAR CH at the high fr eq u ency if estimation i sb yQ M L. T h is is ,h o w ev er ,a n
ar bitrar ys pe ci ￿cat i on; if t h eh igh frequency data are thems elv es aggr egat es of y et high er
frequencies , the sem i-s tr ong con ditions do not follo w. Whil e con sis te n te s ti m ation of w eak
GAR CH mo dels is in pr incipl ep o s sibl e (see F r ancq and Zak o ￿ ￿an 1998 ) , the QM L estim at o r
do es not accomp lish this .
M ore genera lly , estimation b ased on aggr egat i on pres umes kno wledge of the high -
frequency s tr uctur e , and r eq u ires the com putation of d i￿eren t aggr eg at io n for m ulae f o r
5eac h mo del form to b e es ti m ated. F or these reas ons, w e wil lp r o ceed to in v estigate e s ti -
ma to r sb ased on the in tegrated v o lat i lit y ,w h ic hd o n ot pres ume kn o wledge of t h e high -
frequency pr oc es sb e y on d the cond it i ons necessar y for con sistency of the dai ly v olatilit y
estima te .
2.3 Estima t ion b y regr essi on u sin gi n te g rated v o lat i lit y
As noted ab o v e, mo dels of t h e form (2.1.1) and ( 2. 1.2) ar e dir ect ly estimab le if w eh a v e
estima t e so ft h e cond itional v arian ce of t h el o w-fr eq u en cy obs erv at io ns, ￿
2
t
; for e xam ple
from the daily in t egr at ed v ola t ili t y , as in Ander sen and Bollers lev .
1
Ho w ev er ,w e will not
follo wA n ders e n and Boller slev in treating the obs er v ation as ex act. In stead, w ei n tr o duce
in to the mo del the m easu remen te r ror ar isi ng in estima t ion of ￿
2
t
from t he dai ly in tegrated










pr op erties of fe
t
g fo llo w from (2.1.0) an dw i l l be co nsid ered b e l o w.
















































Both (2.3.2) and ( 2. 3.3) are in p rin ciple estim able as r egres sion mo dels. Th em o del
(2.3.3) ha s an err or t er m with an M A( s)f o r m; t h ec o e ￿ cien ts of t h is mo vin ga v er age
pr oce s s are sub je ct t o the con strain te m b o died in (2.3.3) tha tt h ey are the s ame ( u p
to s ign) as t h e co e￿cien t s on lagged v a lues of ^ ￿
2
t
: Estim at ion of these mo dels b yL So r
QM Ld oe s h o w ev er r eq u ire r el at iv el y stro ng mom en t condition st oh old on the regr es sor s
and t h ev ol at i lit ye s ti m ation err ors fe
t
g;n o t e that thi si su n lik e the standar d GAR CH
mo d e l estima te d b y QML wh ere con ditions ar eu s ually a ppli e d to the r escaled squar ed
inn o v at i ons.
M aheu and McCu rdy (2000) ￿nd go o d r esults us ing t h e cons tr ained mo del, e s ti mated
b yQ ML, on for ei gn ex c hang er et u rns . Bollen and In der (1998) estimate a mo del si mila r
to ( 2.3. 3) b ys ta n dar d QML m e tho ds (withou t accoun ting for the err or auto corr elat i on
stru ct u re), us ing in tr a-d a y data to obtain es ti m ate s o fa n u nobs erv a ble sequence related
to da ily v olatili t y . Thi sa ppr oac h requir es con sis t ency o ft h e estima t es of the u nobs erv able
1
Since w e wil lb e d iscus sin gl o w- fr eq u ency p aram et er s her ea f ter, w en ol o n ger need to
dis ti ngui sh f r om high -frequen c y and will omit the ‘bar ’i n s ym b ols ,r efe r ri ng to ￿
2
;￿ ;￿ ;
et c. for the l o w-fr eq u en cy v alu es.
6sequence as t he n um be r o fi n tr a-d a yo b serv ations p er da y incr ea s es w it h out b oun d, to
obtain cons istency of the es ti m ator; Bollen and Inder ￿n d go o d resu lts on a sam ple of S
& P Ind ex futures with a lar ge n um b er of obs erv at ion s per d a y .
Here w ew i ll consi der estim at i on of mo dels h a ving the AR CH m od el (2 . 3 .2) , foll o w ed b y
comp utat i on of GAR CH par ameters from the AR CH appr o xim at io n. The m et h o d that w e
will u se shou ld pr o duce estimates wh ic ha r er elativ ely i nsens itiv e t o the err or di st r ibu ti on
and to ex i ste n ce of mom en ts of t h e err ors , whic h is par ti cu lar ly adv a n tageous in ￿nan cial
data. Th is strategy als oh a s the adv an tage of pr o ducin gi m medi at ely an e s ti mated m o del
whi c hi sd i r ec tly u seabl e for forecastin g, and of allo wing comp utat ion of par ameters of a n y
GAR CH(p; q ) mo del fr om a giv en es ti mated AR CH rep resen ta t ion .S u￿ ci en t condition s
for cons isten t and asym ptot ical ly nor ma l estim at i on are giv en in Section 3 b e l o w; i t is not
necess ary that the n u m be r o f i n tra -da y obs er v a t ion s p er da y( h)i n cr ease wi th out b oun d.
T oo b t ain estim at es of GAR CH par ameters from the A R CH r epres en tation w ep urs ue
an estim at i on strategy r elated t o that of Galb rai th a n dZ i nde-W al sh (1994, 19 97) , in whic h
autor eg ress iv em o dels are used in estim at i on of MA or A R MA m od els. Here, a h igh- ord er
AR CH m o del i su sed, an de s ti m a t e so fG A R CH (p; q )p aram et er s are deduced from the
patterns of AR CH co e￿ cien ts. Th is is a nother ex am ple of what Galbr aith an d Zind e-
W als h (2001) refer to as ‘anal y tical in dir ec t in fe r ence’, in that a m e tho d analogo us to
ind irect inference ( Gou ri ￿ er oux e t al. 1 993) is u sed, but where the mapp ing from e s ti mates
of the auxilia ry mo del to the m od e l to be e s ti m ated is obtained a nalyt i ca lly , rather t h an
b y sim u lat i on.
Con sid er ￿r s tac a s e of kno wn cond it i onal v arian ce ￿
t
: Th eG A R CH p ro cess (2.1.2)
h a saf o rm anal ogous to the ARM A( p; q ); u s ing standar d resu l t so nr ep resen tat io no f a n
























































; ‘> q ;
(2:3:5)
7and ￿n ally













Gir aitis et al . (2000) giv e general con ditions u nder wh ic h the A R CH( 1 ) rep resen ta-
tion is p o ssib le f or t h e strong GAR CH (p; q ) cas e; o n ly the existence of the ￿r st mom en t
and sum mab ilit y of the co e ￿ cien ts ￿
‘
(in ou r notation) are requi red for the ex i ste n ce of a
stri c tly s t ation ary AR CH (1)s olution as giv en in (2.3. 4) .
T o estim at e the m od el u sin g a trun cat ed v ers ion of thi sA R CH( 1) repr esen tation, w e
us et h e estimated lo w-fr eq u en cy c on ditiona lv a rian ce f r om ( 2.1 .0) , de￿ni ng the estim at i on
















The trun cat io n para mete r k m ust b e s uc h that k !1 ;k = T ! 0 for c on sis te n t estim at i on
of the GAR CH mo del.
Th em o del ( 2.3 .7) m a y b e estim at ed b yL S o r ,t o o b ta i n resu lt s robu st to less r estrictiv e
cond it i ons on the v o lat i lit y estimation err ors ,L A D . A s ym ptotic pr op erties of the L AD







)f r om (2.3.5) f or ‘>q ; follo w ed b y estim at i on of the q p aram et er so f ￿
from the ￿ rs t q r el at io ns of ( 2 .3.5), an do f ! fr om ( 2.3 .6) .
Begin b y de￿n ing









































































= 0 for r ￿ 0: I tf o l lo ws from (2.3.5) tha t v (0 ) = ￿
0
V:
Th e p ￿ 1v e ctor of estim at es
^












^ v (0) ; (2:3:9)
8wher e the cir cu m￿ ex i ndicates replacem en to f￿
‘
with the OLS-es ti m ated v alues ^ ￿
‘
i n the
de￿ nitions ab o v e. A n estim at e of ￿ can then b e obtain ed u sing the es ti m ate of ￿ and the


































^ ! =^ ￿(1 ￿
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Th ec o v a rian ce m atrix of the estimates can b e obtained eas ily from t h ee s ti mates
of t h er epr esen tation (2.3.7) and t h eJ acobian of the tran sform ation. Le t the par ameter
v ect o rb e ￿ =( !; ￿ ; ￿ ); and let  
2
b e the v ar iance of t he nois e e
t
in (2.3. 1) . Th en
v ar(￿ )=J
0
(v ar ^ ￿ ) J ;
wher e^ ￿ is the v ect or of estim at ed AR CH par ameters an d J is the Jacobi an of the t r ans -
form ation ( 2.3. 9) - (2 . 3.10). Comp ut a t ion of the c o v ar iance matrix o ft h e LA D par ameter
v ect o ri sd iscus sed in sect ion 3.
3. As ym ptoti c prop er ti es of the i n t egrat ed v ol at il i t y{r egression esti m a tes
In t h is s ect ion w ed iscus s con ditions for con sisten ta n da s ym ptotically Norm al estim a-
tion of the in tegrated v olatilit y{r eg r ess ion mo del of Section 2 b y LAD. R es ults f o r QML
estima t ion of t h eA R CH m o del w ere es ta b lish ed b yW eis s (1986), u sin g the assu mption of
￿n it e fou rth m omen ts o f th eu nno rm alized data. Lu msd aine (1996) establi shed con sis t ency
and as ym ptot i cN o rm alit y of the QMLE f or GAR CH mo dels b y imp os ing condition s on the






; in cludi ng the I ID as sum ption a nd the existence of h igh- ord er
mo men ts . Lee an d Hans en (1 9 9 4) gen er alized these r esults to fz
t
g whic h are not I ID, but
si mply strictly stationar y and erg od ic.
R ec a ll t h at t h eA R CH (k ){ t yp e mo del (2.3. 7) is a regr essi on mo d el ,a n d cons ider f o r
eac h T the ￿ ￿ ￿ el d F
t
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9Th e ass ump ti on is triviall y satis￿ e d with c =1 i f "
2
p oss es ses a su ￿cien tn u m ber o f
mo men ts ,b ut t h ea s sum ption do es n ot requir e the existence of m om en ts.
2










The follo wing as su mption em b o dies b o t h the Er ror Assu mption of P ollar d (1991, p.189)
and the add it i onal ass um ption of P ollar d’s Th eorem 2 that the real izat i ons of t he pr oce s s
and the er ror s ( her e, v ol at il it y estima t ion err or s) are ass umed ind e pen den t.
Assu mption 2. The v olatilit ye s ti m ation err ors fe
t
g ar e I ID with media n 0 and a con tin uou s
p osi ti v e den sit y f ( : ) in the neigh b our ho o d of zer o. The sequences of err ors fe
t
g and of
real izat i ons of the pr oc es s f"
t
g ar ei n dep enden t.
















and su pp os et h at A s sum ptions 1 and 2 ar es a ti s ￿ed. Then if ^ ￿ =( ^ ￿; ^ ￿
1
;::: ; ^ ￿
k
) is the the
LAD - estimated par amete r v ector,
2f (0)V
T





Pr o of. F ol lo ws from P oll ard ( 199 1, Theorem 2 and Examp le 1) f or c =1 ; can b e
ext end ed to an y c : As sum ption 1 satis￿ es th e condition s (ii)-(iv ) of Theor e m2o fP ollar d
(1991), an d com bined w it h Ass um ption 2 pr o vides a ll of the cond it i ons (i)-(iv) for the
asym ptot ic dis tr ibu t ion to h old.
4. Sim u la tio n evi dence
In this section w ep resen t evidence p rim ari ly on t h e ￿ni te - samp le p er fo r man ce of the
regr essi on estim at o r of Section 2.3 us ing the d aily in t egr ate d v olatili t y , and for com par -
is on the stand ard Qu asi- ML es ti m ator bas e d on d aily d at a alon e. The QML pr o cedu re
2
A s an exam ple of the for mer p oin t, co nsid er a c as e wher et h e eigh th uncon ditional mom en t
of "
t





















A t the sam e time, i fw er e-wr it e the A R CH( k ) mo del (2.3. 7) as a stat io nary AR(k )m o del
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t















: F ollo wing ex am ple 2 of P o llard (1991) (general izing to AR(k )) ,







): Of cour se, A s sum ption 1 can al so hol d in cases wh ere
mo men t s do not exist.
10des cr ib ed and im plemen te d b y Aptec h Syste m s( 1 998) is us e d for the s ta n dar de s ti m ate s .
The r egres sion estimator uses ( 2 .1.0) for a dail yv olatilit y estima t e, follo w ed b y estim at i on
of (2.3. 7) b y OLS or LAD, an dt r ans fo r ma t ion to GA R CH p aram et er estim at es via ( 2. 3.9)-
(2.3.10).
In the ￿r st s et o f sim ula t ion exercises ,l o w- frequency (daily) data a lone ar es i m u lated.
The inn o v at ion s are N or mal , lead ing t o a s tr ong GAR CH m o del es ti mated b y a true ML
estima to r . These cas es a re ther ef or ea s f a v oura ble a sp o s sib le for the Q ML estim at o r. The
lo w-frequency sam ple size T is set at f200; 600g an dt h en um be r o f r eplication si s 2000 f o r
eac h e xp eri men t . Althou gh the ￿r st set of exp erim en ts u ses si m ulated lo w-frequency data
onl y , the par ameter v alues ar ec hosen f or compa ti b ilit y with t h el at er exp erim en ts; the
four sets of p aram et er v al ues u sed r esul tf r om the ag gregation of high -frequency GAR CH
pr oce s ses h a ving p aram et er s f! ; ￿; ￿ g equal t o (.01, .018, .98), ( .0 1, .05 , .94 5) , (.01, . 08,
.89) an d (.01, .10, . 85) . The corr esp ond ing lo w- fr eq u ency par ameters are com puted fro m
the agg regation f o rm ula of Dr ost an d Nijman (1993) for the GAR CH ( 1, 1) ￿o w case; the
v a lues ar e ( 6.1 02, .0555, .89 57) , (5.889 , .1371, .7450 ) , (4.442, . 0736, .3934), and ( 3. 613,
.0540 , .223 4) .
In a second s et of s im ulations , f or t he sam es amp le s ize s an dn u m ber o f rep lications, the
hig h-fr e quen cy GAR CH p ro cess is s im ulated di rect l ya si n t h e ￿rs t e xp eri men ts , (stro ng
GAR CH, with n orm al er ror s) and aggrega t e dt of o r ma( w e ak GAR CH ) lo w-frequency
(daily) return sp r o cess . Es ti m ate s of the dai ly GAR C H par ameters o nt h ese daily data
ar e obtained b y QML and t h er eg ress ion e s ti mator.
As j u st ind icate d , the ‘ tr ue’ d aily par ameters ar ec o mpu t ed from the aggr egat i on
form u la of Dr ost and Nijman ( 19 93) , for comp aris on wi th th e estimates f r om eac h met h od .
Not e that QML app lied di rect l yt o t h e daily data is n o wt e c hni ca l ly i nconsi ste n t b ec au se
onl yt h ew eak GAR CH cond itions can b e gu aran teed to ap ply .F or the r eg ress ion es ti m ate s ,
the a daily v ol at il it y estimate h as a nois ev ar iance i mpl ied b y the n um b er of obs er v ation s
pe r d a y , h ; whic h in these examp les is set at 25 to k eep o v er all s ampl e sizes m anag ea b le.
Thi sn um b er, wh ile mo d es t , is com patible with the s uggestion s of the mor e recen tl i te r at u re
on in tegr at ed v olatilit y( A n ders en et al. 19 99) whic hs u ggests that the optim al frequency
to us e in estim at io n of daily v olatilit yi s n o t nece s sar ily the h ighes tf r equency a v ailab le.
As m all v al ue, r epres en ting a r elativ ely no isy estim at e of da ily v olatili t y , is in gener al les s
fa v ou rab le for t h er el at iv e p erform ance o ft h e regr essi on es ti m ator.
Becaus e the QML and LAD-AR CH estimator s are ev alu at ed h er e usin gd i￿eren ti n -
form ation sets{the LAD-AR CH us es the high er -fr eq u en cy d at a, while QM L do es not{
the outcom eo fa n y com par ison dep end s up on the infor mation con ten to ft h e addi t ion al
(in tr a-da y) d at a. The com par ison h ere is m ade on para mete r v al ues that app ear t o b e
rep resen tat iv e of empir ical o ut com es, a nd u ses a relativ ely m od es t inform ation con ten to f
in tra-d a y data. Nonetheless ,s uc h a com pari son can on ly b e view ed as il lustr at iv e. In
e x per im en ts of the t y p e p erfor med her e, u s ing Norm al inn o v a t ion s, QML or LAD-AR CH
can dom inate the other in a ￿ni t e sam ple as t h e estim at es of realized v olatili t y b ecome
(resp ectiv ely) r elativ ely nois yo rr elativ ely precis e. Of cour se, v er y hea vy-tailed or sk ew ed
11err or dis tr ibu t ion s will tend fur th e r to fa v our the LAD-AR C He s ti mator.
R esults fro m the ￿rs ts e t of sim ula t ion sa r e con tained in F igu re 1a/b Res ults for the
second set of sim ula t ion s are rep or te d i n Figu re 2a/b and 3 a/b. With t h e secon d set of
si m u lations w e also r ep ort a forecast comp ari son of 1- ste p -ah ea d out-of- samp le condi t ion al
v olatili t yf o recasts f r om eac h estimation metho d, ev alu at ed b yR M S for e cas t err or.
Begin b y compa rin gc o r res p ondin gq u adr an t s of F igur e1 aw it h tho se of F igur e 2a,
and of 1b with 2b . Th e QML estim at or ’s p er fo rma nce is little di￿er en tb e t w een these
t w oc a s es, des pite t h e fact t h at the F igur e 1 cases ar e in fact t r ue ML estim at or s, an d
that t h eF igur e2c a ses sh o wQ M Li naw eak GA R CH c a se where the estimator is not
in gener al c o nsis te n t. Ho w ev er th e s er es ults, i nl ine wit h thos em en tioned b yD r ost an d
Nijman (1993, p . 922), sug gest tha t the QMLE m a yb ec o n v er ging to v alues qui t e close to
the tru e par ameter v alu es.
Nonetheless the ￿ nite-sam ple p e r form ance of the QML es ti m ator i n these c a ses s ho ws
pr oblem s whic ha r e of a fairl y stand ard t yp e , not s pec i ￿c to GAR CH estimation . The
QM LE ’s con ce n tration of pr obab ilit ym ass near t h e b oun dari e s of the i den ti￿ c ation regi on
ar et ypi ca l of the ‘p ile-u p’ pr oblem s fami liar fr om cas e s suc ha sM Le s ti m ation of MA
par ameters ;h er e the QMLE p er fo rm s p o orly wh en ￿ is n ear zero . Estimates of ￿ are
par ticular l y poo r i nt h es e e xam ples, s ho wi ng lar ge p rob abilit ym a sses in t h e vicini t yo f
0.9 regar dless of the true v alu eo f￿; in eac ho f t h et h ree cases wher e ￿< 0:1: Wh ere
￿ =0 :1373 ; b y con tr ast, estimates of ￿ ar e con ce n trated near t h et r ue v alu e, p articul arly
at t h el arger s amp le size. O f cou rse, QMLE p erfor man ce i m pr o v es i n general f or lar ger
v a lues of ￿; as w em o v ea w a yf r om t h e b oun dar y of t he iden ti￿cation regi on; the v alu es
c h osen here, ho w ev er, are t yp ical of t h ose ap pea rin g in the emp iri ca l litera tu r e.
F igur e3c o n tains resu lt s f or t h e LAD-AR CH estim at or in corr esp on ding cas es ,f o r
h =2 5: t h at is, u sing t h er elativ ely lo wh igh- frequency infor mation c on ten t noted ab o v e.
Nonetheless, add it io nal infor mation is b eing exploited, a nd w e migh t exp ect t h at the es -
timator sh ould p e r form r el at i v el yw ell. This exp ectation i sb o r ne ou ti nF igur e 3a, wh ere
LAD - AR CH estimates of ￿ sho wm u c h b ett er con form it yw i t h the Norm al and s mall er
dis p ersi on, as w ell a s les sp ile-u pn ear z er o.
In Figu re 3b, w e see less dra matic gains in estim at i on of ￿ ; confor mit y with the Norm al
is imp ro v ed r ealtiv e to corr esp on ding Figu re 2 a cases, bu tt h ere r emain ss ubs ta n tial p ile-u p
at ￿ = 0 and again w e see di sp ers ion of the estim at es acro ss m uc h of the [ 0; 1] in terv al.
Ho w ev er , the lar ge s pur ious p eak in the den sit yn ear 0 .9 is elim inated. Con form it y with
the Norm al is mar k edly im pr o v ed at T =6 0 0: Thes ec a ses, em bo d yi n g Norm al er ror s
in the si m ulation DGP ,d o not o￿er the mos tf a v oura ble circu mstances for compa ris on
of LA D- AR CH; with s ubs ta n tially sk ew e d err or d istrib utions ,w ew o uld exp ect to see the
trad it io nal adv a n tage of L AD es ti m ation in robu stness to s k ew ness and hea v y-tailed err ors .
Ho w ev er , the e s ti mator do es o ￿ er clear gain s nonetheless .
5. Con c ludi n g rem ark s
Es ti mation of GA R CH m od els via in t egr at ed v olatilit y is feasi ble ev en with a mo dest
n um be r o f i n tra-d a yo bser v ations .S u c he s ti mates ha v ea n um be r o f a p par en ta d v an tages
o v er th ose obtain ed fr om s ta n dar d QML estim at es , whic h c an b e qui t e err at i ci ns m all
12sam ples . The u se of in t egr at ed v olatili t yi n t h is w a ya lso op ens up ot h er a v en ues f o r
estima t ion ,i nclud ing es ti mation of quan ti les of v olatilit y other than t h em ed ian.
3
3
This has b een i n v es t iga t ed for AR CH mo dels estim at ed with s ta ndar d (si ngle-fr eq u en cy )
data b yK oe n k er a n d Zhao (1996).
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